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What is this book?
 
A guide to developing your own subject knowledge.
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Teachers new to higher-level school mathematics teaching.

Teachers who want to deepen their subject knowledge so that they can teach insight and understanding as much as skills. 

Teachers whose university or college education did not prepare them well for teaching higher-level school mathematics.

Experienced teachers of higher-level school mathematics who want to review and deepen their subject knowledge.]
Who is this book for?
 
Teachers new to higher-level school mathematics teaching.
 
Teachers who want to deepen their subject knowledge so that they can teach 
insight and understanding as much as skills. 
 
Teachers whose university or college education did not prepare them well for 
teaching higher-level school mathematics.
 
Experienced teachers of higher-level school mathematics who want to review 
and deepen their subject knowledge.
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To experience the power of learning by guided discovery.

To strengthen your confidence in your own mathematical understanding.]
Why use this book?
 
To enhance your higher-level school mathematics subject knowledge.
 
To experience the power of learning by guided discovery.
 
To strengthen your confidence in your own mathematical understanding.
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A guide to pedagogy.

A problem set for practice.

A primer in answering exam questions.

A textbook for students.

An outline of what you should teach your students.]
What is this book not?
 
A guide to pedagogy.
 
A problem set for practice.
 
A primer in answering exam questions.
 
A textbook for students.
 
An outline of what you should teach your students.
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[image: How to use this book.… How to use this book.

The book proceeds by asking questions (in green) for you to address. Each question prompts you to take the next step in understanding a bigger problem or idea, and is accompanied by a voice note, a video, or a written solution (in blue). Occasionally, I add some written discussion (in orange). Always try to answer the question before looking at the solution. Only refer to the solution before you have answered the question as a last resort. Compare your solution to mine, and see how to improve either one of them in the light of the other. Occasionally, I don’t bother with a solution as I am confident that your own will be excellent.

The book does not in general include routine or extension exercises. There are enough such examples in the world already. You should, however, deploy the subject knowledge you gain through using this book in all kinds of problems as you work through the material. Quite apart from the importance of practising mathematical skills, identifying the appropriate routine and extension problems is a separate skill that you need to develop. You will also find it beneficial to tackle past paper questions in a range of qualifications along the way.

You should bear in mind that this is emphatically not a guide to teaching the topic: there is far, far more in this book than your students need to know! 
]
How to use this book.
 
The book proceeds by asking questions (in green) for you to address. Each 
question prompts you to take the next step in understanding a bigger 
problem or idea, and is accompanied by a voice note, a video, or a written 
solution (in blue). Occasionally, I add some written discussion (in orange). 
Always try to answer the question before looking at the solution. Only refer to 
the solution before you have answered the question as a last resort. Compare 
your solution to mine, and see how to improve either one of them in the light 
of the other. Occasionally, I don’t bother with a solution as I am confident 
that your own will be excellent.
 
The book does not in general include routine or extension exercises. There 
are enough such examples in the world already. You should, however, deploy 
the subject knowledge you gain through using this book in all kinds of 
problems as you work through the material. Quite apart from the importance 
of practising mathematical skills, identifying the appropriate routine and 
extension problems is a separate skill that you need to develop. You will also 
find it beneficial to tackle past paper questions in a range of qualifications 
along the way.
 
You should bear in mind that this is emphatically not a guide to teaching the 
topic: there is far, far more in this book than your students need to know! 
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The theory behind the binomial theorem.

There are several approaches to binomials. You can reasonably start by repeatedly multiplying powers of  equation.pdf  by  equation.pdf . You can reasonably start by choosing terms from a succession of brackets. And you can reasonably start by differentiating (go straight to the final section of the book if you are worried about this being circular). This book takes all three approaches in succession, carrying on from the differentiation strategy to extend the theorem from positive integer powers to any real power. The question of convergence of the infinite power series for powers other than non-negative integers is usually addressed with a deal of hand-waving at the school level, and I include a chapter on convergence so that you can wave your hands with a bit more conviction. 

I should add that this book needs no background knowledge of combinatorics: you will discover what you need (many times over) along the way. ]
What is in this book?
 
The theory behind the binomial theorem.
 
There are several approaches to binomials. You can reasonably start by 
repeatedly multiplying powers of  by . You can reasonably start by 
choosing terms from a succession of brackets. And you can reasonably start by 
differentiating (go straight to the final section of the book if you are worried 
about this being circular). This book takes all three approaches in succession, 
carrying on from the differentiation strategy to extend the theorem from 
positive integer powers to any real power. The question of convergence of the 
infinite power series for powers other than non-negative integers is usually 
addressed with a deal of hand-waving at the school level, and I include a 
chapter on convergence so that you can wave your hands with a bit more 
conviction. 
 
I should add that this book needs no background knowledge of combinatorics: 
you will discover what you need (many times over) along the way. 
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I am a mathematics teacher with 18 years classroom experience in a large independent school. I have spent these years developing and honing a style of teaching that, through careful, patient questioning, encourages students to think for themselves, to work collaboratively, to learn from mistakes, and to become creative, confident, independent problem-solvers. My principal tool is a type of worksheet that takes students from what they currently understand to what they need to be able to understand next in a series of minutely calibrated steps, each of which is, in theory at least, manageable independently yet pushes them just a little further toward their immediate goal. You can find more of my work at www.mathsinsight.co.uk.]
Who am I?
 
I am a mathematics teacher with 18 years classroom experience in a large 
independent school. I have spent these years developing and honing a style of 
teaching that, through careful, patient questioning, encourages students to 
think for themselves, to work collaboratively, to learn from mistakes, and to 
become creative, confident, independent problem-solvers. My principal tool 
is a type of worksheet that takes students from what they currently 
understand to what they need to be able to understand next in a series of 
minutely calibrated steps, each of which is, in theory at least, manageable 
independently yet pushes them just a little further toward their immediate 
goal. You can find more of my work at www.mathsinsight.co.uk.
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The alignment in my setting 
out might seem fussy now, 
but it will help to clarify 
things very soon.
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Explain why the coefficients in the expansion of  are 
the same as the sums of consecutive coefficients in the 
expansion of  .
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This is where that fussy 
alignment makes the 
explanation easy!
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Not everyone would agree with this, but I find it convenient to use 
the notation
 
to mean the coefficient of  in the expansion of  .
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  equation.pdf  and  equation.pdf  . I use the second of these for the number of ways of choosing a subset size  equation.pdf  from a set size  equation.pdf . As we will see later, these turn out to be rather closely related.]
There are 2 common notations:
  and  . I use the second of these 
for the number of ways of choosing a 
subset size  from a set size . As we will 
see later, these turn out to be rather 
closely related.
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Write out the expansion of  using  
for the coefficient of .
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 equation.pdf Rectangle]
Explain why the coefficients in the expansion of  are 
the same as the sums of consecutive coefficients in the 
expansion of   for all positive integer values of , and 
that 

[image: equation.pdf]
[image: equation.pdf]
[image: equation.pdf]
[image: equation.pdf]



page 18 of 267

www.mathsinsight.co.uk

[image: Rectangle equation.pdf Rectangle]

[image: equation.pdf]



page 19 of 267

www.mathsinsight.co.uk

[image: Show that, when   is a positive integer, Show that, when  equation.pdf  is a positive integer,]
Show that, when  is a positive integer,
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For , either do the same kind of thing, or just put .
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Show that the coefficients  can be arranged to form Pascal’s 
triangle.
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Use Pascal’s Triangle to expand .
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Explain why it is reasonable to say that    
whenever  or  .
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In the expansion of , all the coefficients of  
are  whenever  or .
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Now completely forget everything so far. We are starting again from 
scratch, but taking an entirely different point of view. 
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If I pick one term from each of the brackets in the expression

in how many different ways can I choose
s and  ones
 and  ones
s and  one
s and  ones?
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is equal to the number of ways of choosing  equation.pdf  of the  equation.pdf  brackets.]
Explain why the coefficient of  in the expansion of
 
is equal to the number of ways of choosing  of the  brackets.
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for the number of ways of choosing a set of  equation.pdf  distinct colours from  equation.pdf  possible distinct colours.]
I like to use the notation 

for the number of ways of choosing a set of  distinct 
colours from  possible distinct colours.
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is equal to the number of ways of choosing  equation.pdf  of the  equation.pdf  brackets.]
Explain why the coefficient of  in the expansion of
 
is equal to the number of ways of choosing  of the  brackets.
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How many don’t include the first bracket?]
If I choose 3 brackets from 8, how many of these sets of 3 include 
the first bracket?
 
How many don’t include the first bracket?
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[image: To choose 3 of the 8 brackets, I can… To choose 3 of the 8 brackets, I can 
choose the first bracket plus 2 of the other 7 brackets (in  equation.pdf  ways), or 
omit the first bracket and choose all 3 from the other 7 brackets (in  equation.pdf  ways). ]
To choose 3 of the 8 brackets, I can 
•choose the first bracket plus 2 of the other 7 
brackets (in  ways), or 
•omit the first bracket and choose all 3 from the 
other 7 brackets (in  ways). 
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Hence show that   .
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[image: To choose 3 of the 8 brackets, I can… To choose 3 of the 8 brackets, I can 
choose the first bracket plus 2 of the other 7 brackets (in  equation.pdf  ways), or 
omit the first bracket and choose all 3 from the other 7 brackets (in  equation.pdf  ways). 
And these are the only options.
So
 equation.pdf  ]
To choose 3 of the 8 brackets, I can 
•choose the first bracket plus 2 of the other 7 
brackets (in  ways), or 
•omit the first bracket and choose all 3 from the 
other 7 brackets (in  ways). 
And these are the only options.
So
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Show that .
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[image: If I have   brackets, there is only one way to choose none of them, which is to omit all of them, so  .… If I have  equation.pdf  brackets, there is only one way to choose none of them, which is to omit all of them, so  equation.pdf .

If I have  equation.pdf  brackets, there is only one way to choose all of them, which is to choose all of them, so  equation.pdf .]
If I have  brackets, there is only one way to choose 
none of them, which is to omit all of them, so .
 
If I have  brackets, there is only one way to choose all 
of them, which is to choose all of them, so .
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Explain why it is reasonable to say that 

when .
[image: equation.pdf]
[image: equation.pdf]



page 44 of 267

www.mathsinsight.co.uk

[image: Show that… Show that 
 equation.pdf 
whenever  equation.pdf  and  equation.pdf  are integers and  equation.pdf .]
Show that 

whenever  and  are integers and .
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[image: To choose   of the   brackets, I can… To choose  equation.pdf  of the  equation.pdf  brackets, I can 
choose the first bracket plus  equation.pdf  of the other  equation.pdf  brackets (in  equation.pdf  ways), or 
omit the first bracket and choose all  equation.pdf  from the other  equation.pdf  brackets (in  equation.pdf  ways). ]
To choose  of the  brackets, I can 
•choose the first bracket plus  of the other  
brackets (in  ways), or 
•omit the first bracket and choose all  from the other 
 brackets (in  ways). 
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Hence show that the numbers  can be arranged 
to form Pascal’s triangle and that .
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[image: Using Pascal’s triangle to find binomial coefficients is fine for small values of  , but clearly it won’t do for values of   bigger than about 9.… Using Pascal’s triangle to find binomial coefficients is fine for small values of  equation.pdf , but clearly it won’t do for values of  equation.pdf  bigger than about 9. 

Fortunately, we can do this more easily. We can even figure out an explicit formula.

All this, we can do this in several ways. Here goes.]
Using Pascal’s triangle to find binomial coefficients is 
fine for small values of , but clearly it won’t do for 
values of  bigger than about 9. 
 
Fortunately, we can do this more easily. We can even 
figure out an explicit formula.
 
All this, we can do this in several ways. Here goes.
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[image: Suppose I want to choose 3 out of 8 colours.… Suppose I want to choose 3 out of 8 colours. 
Once I have chosen 2 colours (in  equation.pdf  ways), in how many ways can I choose the third colour?

With this in mind, explain why 

 equation.pdf 

Explain why 

 equation.pdf Rectangle]
Suppose I want to choose 3 out of 8 colours. 
Once I have chosen 2 colours (in  ways), in how 
many ways can I choose the third colour?
 
With this in mind, explain why 
 

 
Explain why 
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[image: To choose 3 colours from 8, I could take 2 colours from the 8, and then add 1 more colour (there are 6 possible options for this).… To choose 3 colours from 8, I could take 2 colours from the 8, and then add 1 more colour (there are 6 possible options for this). 
By adding one more colour, we have multiplied  equation.pdf  by 6.
However, each set of 3 colours will now have been counted 3 times. For example, if we choose red, green, and blue, we might have done this in 3 ways:
chosen red and blue when we took the original 2 colours, then added green
chosen red and green when we took the original 2 colours, then added blue
chosen blue and green when we took the original 2 colours, then added red.
So we must now divide by 3 to get:
 equation.pdf  .]
To choose 3 colours from 8, I could take 2 colours from the 8, 
and then add 1 more colour (there are 6 possible options for 
this). 
By adding one more colour, we have multiplied  by 6.
However, each set of 3 colours will now have been counted 3 
times. For example, if we choose red, green, and blue, we might 
have done this in 3 ways:
•chosen red and blue when we took the original 2 colours, then 
added green
•chosen red and green when we took the original 2 colours, then 
added blue
•chosen blue and green when we took the original 2 colours, 
then added red.
So we must now divide by 3 to get:
 .
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 equation.pdf .]
Extend this argument to show that   and hence that
 
.
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[image: This gives us a way of expanding binomials without going through Pascal’s triangle. This gives us a way of expanding binomials without going through Pascal’s triangle.]
This gives us a way of expanding binomials without 
going through Pascal’s triangle.
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and the fact that 
 equation.pdf 
to expand 
 equation.pdf .]
Use the relationship
 
 with 
 
and the fact that 

to expand 
.
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[image: And, by the way, this is all perfectly manageable without a calculator. You may find trying it quite satisfying. And, by the way, this is all perfectly manageable without a calculator. You may find trying it quite satisfying.]
And, by the way, this is all perfectly manageable without a 
calculator. You may find trying it quite satisfying.

[image: Try this without a calculator. It’s not hard, but it is quite illuminating, not to mention very satisfying. Try this without a calculator. It’s not hard, but it is quite illuminating, not to mention very satisfying. ]
Try this without a calculator. 
It’s not hard, but it is quite 
illuminating, not to mention 
very satisfying. 
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This is a variation of the 
combinatorial argument in the 
previous section.
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To choose 3 colours from 8, I could choose one colour (in 8 
possible ways), and then take 2 colours from the remaining 7 (in 
 ways). 
So far, we have multiplied 8 by .
However, each set of 3 colours will now have been counted 3 
times. For example, if we choose red, green, and blue, we might 
have done this in 3 ways:
•chosen red originally, then green and blue from the remaining 
7
•chosen green originally, then red and blue from the remaining 
7
•chosen blue originally, then red and green from the remaining 
7
So we must now divide by 3 to get:
 .
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If I have 8 distinct colours to choose from, and 
I want to pick 3 of them, 
 
•in how many ways can I choose my first 
colour?
•in how many ways can I choose my second 
colour?
•in how many ways can I choose my third 
colour?
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If I have 8 distinct colours to choose from, and 
I want to pick 3 of them, in how many ways 
can I choose my first, then my second, then my 
third colour?
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I want to pick 3 of them, in how many ways 
can I choose my first, then my second, then my 
third colour? 
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Once I have picked my 3 colours, in how many 
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How many different sets of 3 distinct colours 
can you choose from 8 possible distinct colours?
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How many different sets of 4 distinct colours can you choose from 8 possible 
distinct colours?
 
What is the coefficient of  in
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Once again, forget everything so far. We are going to 
approach binomials from yet another point of view.
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Use this result to show that 

whenever  and  are positive integers. 
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Differentiate a few more times to find the subsequent 
coefficients.
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This formula generates a row of Pascal’s triangle using two values 
from the previous row.
If you are drawing out Pascal’s triangle, you can use this rule 
without knowing what  or  are.
[image: equation.pdf]
[image: equation.pdf]
[image: equation.pdf]



page 140 of 267

www.mathsinsight.co.uk

[image: This formula generates a row of Pascal’s triangle using only one value from the previous row, but you need to know the values of   and  . equation.pdf 

This formula generates a row of Pascal’s triangle using only one value from the previous row, but you need to know the values of  equation.pdf  and  equation.pdf .]

 
This formula generates a row of Pascal’s triangle using only one 
value from the previous row, but you need to know the values of  
and .
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This formula generates a row of Pascal’s triangle using the previous 
value from the same row, and again, you need to know the values 
of  and .
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Use only the formula 

and the fact that  to generate Pascal’s 
triangle.
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Now we have derived several properties of binomial 
coefficients in a rather large number of ways. In the rest 
of the section, we will see how to get these properties 
from each other by purely algebraic methods without 
reference to the underlying problem.
It’s not so important to see this, but it does, as the 
chapter title suggests, tie up some lose ends.
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Starting from the formula , show that 
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Starting from the formula , show that 
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Starting from the formula , show that 
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[image: Starting from the facts that… Starting from the facts that 
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and 
 equation.pdf  
show that 
 equation.pdf .]
Starting from the facts that 
 
and 
 
show that 
.
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[image: Starting from the fact that… Starting from the fact that 

 equation.pdf 

show that 

 equation.pdf Rectangle]
Starting from the fact that 
 

 
show that 
 

[image: equation.pdf]
[image: equation.pdf]



page 154 of 267

www.mathsinsight.co.uk

[image: Starting from the fact that… Starting from the fact that 
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show that 

 equation.pdf Rectangle]
Starting from the fact that 
 

 
show that 
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 equation.pdf ,
find and simplify an expansion of  equation.pdf .]
By writing
,
find and simplify an expansion of .
[image: equation.pdf]
[image: equation.pdf]



page 157 of 267

www.mathsinsight.co.uk

[image: Example:… Example:

expand  equation.pdf Rectangle]
Example:
 
expand 
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[image: So far, all our binomials have turned out to be equivalent to a polynomial.… So far, all our binomials have turned out to be equivalent to a polynomial. 

The question is, can we use similar ideas to express something like  equation.pdf  as a polynomial?

To make a start on answering this, let’s imagine that we can and see what the consequences would be.]
So far, all our binomials have turned out to be equivalent 
to a polynomial. 
 
The question is, can we use similar ideas to express 
something like  as a polynomial?
 
To make a start on answering this, let’s imagine that we 
can and see what the consequences would be.
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[image: What would happen if we imagine that… What would happen if we imagine that
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for some positive integer  equation.pdf ?

If this were true, show that 
 equation.pdf ,
then expand the brackets and simplify.]
What would happen if we imagine that

for some positive integer ?
 
If this were true, show that 
,
then expand the brackets and simplify.
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[image: This must be true for all values of  , so fill in the blanks: This must be true for all values of  equation.pdf , so fill in the blanks:
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This must be true for all values of , so fill in the 
blanks:
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What happens when you get to ?
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Can you suggest a way out of this 
problem?
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[image: Don’t stop at any finite value of  . Don’t stop at any finite value of  equation.pdf .]
Don’t stop at any finite value of .
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 equation.pdf 

 equation.pdf 
and so on.]
Use graphing software to draw graphs

 

 

 

 

and so on.
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[image: For what values of   do the polynomials roughly agree with the graph  ? For what values of  equation.pdf  do the polynomials roughly agree with the graph  equation.pdf ?]
For what values of  do the polynomials roughly 
agree with the graph ?
[image: equation.pdf]
[image: equation.pdf]



page 178 of 267

www.mathsinsight.co.uk

[image: equation.pdf]


page 179 of 267

www.mathsinsight.co.uk

[image: Suppose that we try carrying on the polynomial for ever, so that… Suppose that we try carrying on the polynomial for ever, so that
 equation.pdf 

Show that 
 equation.pdf ,
then expand the brackets and simplify.]
Suppose that we try carrying on the polynomial for ever, 
so that

 
Show that 
,
then expand the brackets and simplify.
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 equation.pdf 
when  equation.pdf , but not otherwise.]
Explain why it makes sense to write

when , but not otherwise.
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[image: If you would like a more formal explanation with limits, try the following pages. If you would like a more formal explanation with limits, try the following pages.]
If you would like a more formal explanation 
with limits, try the following pages.
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for any value of  equation.pdf , expand the brackets to find the coefficients  equation.pdf 
]
If

for any value of , expand the brackets to find the 
coefficients 
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[image: Hence show that Hence show that 
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Hence show that 
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[image: Hence show that… Hence show that 
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when  equation.pdf .
]
Hence show that 

when .
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 equation.pdf Rectangle]
Expand the brackets:
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[image: Use this result to show that, when   ,… Use this result to show that, when  equation.pdf  , 
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and hence that 
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Use this result to show that, when  , 

and hence that 
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[image: Use this result to show that, when   , it makes sense to write:… Use this result to show that, when  equation.pdf  , it makes sense to write:
 equation.pdf 
and use graphing software such as Geogebra to illustrate this.]
Use this result to show that, when  , it makes sense to write:

and use graphing software such as Geogebra to illustrate this.
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[image: Use this result to show that the series… Use this result to show that the series  equation.pdf 
converges to  equation.pdf . ]
Use this result to show that the series 
converges to . 
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[image: , so put  . equation.pdf , so put  equation.pdf .]
, so put .
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[image: Investigate the behaviour of the series… Investigate the behaviour of the series
 equation.pdf 
for values of  equation.pdf  where  equation.pdf  . ]
Investigate the behaviour of the series

for values of  where  . 
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 equation.pdf 
converges if and only if
 equation.pdf .]
Show that the series

converges if and only if
.
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[image: We could proceed in a similar way for  .… We could proceed in a similar way for  equation.pdf .
The next two pages show you how to do this, but without working through the solutions.

I highly recommend trying these: it’s very instructive to do so. 
But there is a much easier way of approaching the problem.]
We could proceed in a similar way for .
The next two pages show you how to do this, but 
without working through the solutions.
 
I highly recommend trying these: it’s very instructive 
to do so. 
But there is a much easier way of approaching the 
problem.
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[image: To do this, try… To do this, try 

 equation.pdf 

Then multiply both sides by  equation.pdf , expand the brackets, simplify, and find the coefficients  equation.pdf  as before.]
To do this, try 
 

 
Then multiply both sides by , expand the brackets, 
simplify, and find the coefficients  as before.
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[image: Or write     as     to get… Or write   equation.pdf   as   equation.pdf   to get

 equation.pdf 

Then expand the brackets, simplify, and find the coefficients  equation.pdf  as before. ]
Or write    as    to get
 

 
Then expand the brackets, simplify, and find the coefficients 
 as before. 
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[image: Now for the far easier way. Now for the far easier way.]
Now for the far easier way.
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[image: By differentiating both sides of the formula… By differentiating both sides of the formula
 equation.pdf  ,
show that
 equation.pdf  .]
By differentiating both sides of the formula
 ,
show that
 .
[image: equation.pdf]
[image: equation.pdf]



page 198 of 267

www.mathsinsight.co.uk

[image: other negative integer powers other negative integer powers]
other negative integer 
powers
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[image: By differentiating both sides of the formula… By differentiating both sides of the formula
 equation.pdf  ,
show that
 equation.pdf  .]
By differentiating both sides of the formula
 ,
show that
 .
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[image: Use the same strategy to find power series expansions for… Use the same strategy to find power series expansions for
 equation.pdf  .]
Use the same strategy to find power series expansions for
 .
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[image: How do the coefficients in the power series for   when   is a negative integer relate to Pascal’s triangle? How do the coefficients in the power series for  equation.pdf  when  equation.pdf  is a negative integer relate to Pascal’s triangle?]
How do the coefficients in the power series for  when  
is a negative integer relate to Pascal’s triangle?
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The coefficients are (give or take a negative) the (diagonal) columns in 
Pascal’s triangle:
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[image: We can still use the notation… We can still use the notation
 equation.pdf  to mean the coefficient of  equation.pdf  in the (possibly infinite) series expansion of  equation.pdf  where  equation.pdf  is any real number, whereas the notation  equation.pdf  only makes sense when  equation.pdf  is a non-negative integer.]
We can still use the notation
 to mean the coefficient of  in the (possibly infinite) series expansion 
of  where  is any real number, whereas the notation  only 
makes sense when  is a non-negative integer.
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[image: Write out the expansions of   and  as a power series using the notation   for the coefficients with   and  . Write out the expansions of  equation.pdf  and  equation.pdf as a power series using the notation  equation.pdf  for the coefficients with  equation.pdf  and  equation.pdf .]
Write out the expansions of  and as a 
power series using the notation  for the coefficients 
with  and .
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[image: Show that… Show that
 equation.pdf 
for any value of  equation.pdf .]
Show that

for any value of .
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[image: Show that… Show that
 equation.pdf 
for any value of  equation.pdf  and for non-negative integer values of  equation.pdf .]
Show that

for any value of  and for non-negative integer values of .
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[image: The proof here is identical to the proof in the “binomials by differentiation” chapter. The proof here is identical to the proof in the “binomials by differentiation” chapter.]
The proof here is identical to the proof in the “binomials 
by differentiation” chapter.
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[image: Show that… Show that
 equation.pdf 
for any value of  equation.pdf  and for positive integer values of  equation.pdf .]
Show that

for any value of  and for positive integer values of .
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[image: The proof here is identical to the proof in the “binomials by differentiation” chapter. The proof here is identical to the proof in the “binomials by differentiation” chapter.]
The proof here is identical to the proof in the “binomials 
by differentiation” chapter.
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[image: Show that, for any value of   and for non-negative integer values of  ,… Show that, for any value of  equation.pdf  and for non-negative integer values of  equation.pdf ,
 equation.pdf  .
]
Show that, for any value of  and for non-negative integer 
values of ,
 .
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[image: The proof here is identical to the proof in the “binomials by differentiation” chapter, though the result is less useful in this more general case when   is not a positive integer. The proof here is identical to the proof in the “binomials by differentiation” chapter, though the result is less useful in this more general case when  equation.pdf  is not a positive integer.]
The proof here is identical to the proof in the “binomials 
by differentiation” chapter, though the result is less 
useful in this more general case when  is not a positive 
integer.
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[image: Use the formula… Use the formula 
 equation.pdf  and the fact that  equation.pdf  with  equation.pdf  to find the power series expansion of  equation.pdf .]
Use the formula 
 and the fact that  with  to 
find the power series expansion of .
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[image: Use the formula… Use the formula 
 equation.pdf  and the fact that  equation.pdf  with  equation.pdf  to find the power series expansion of  equation.pdf  .]
Use the formula 
 and the fact that  with  to find 
the power series expansion of  .
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[image: Use… Use
 equation.pdf  
to find the power series expansion of  equation.pdf  .]
Use
 
to find the power series expansion of  .
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[image: Use… Use
 equation.pdf   
to find the power series expansion of   equation.pdf  .]
Use
  
to find the power series expansion of   .
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[image: Up to now, I have always used the explicit formula for the binomial coefficients rather than the recursive formula. However, it turns out that the recursive formula is quite a bit easier in practice. To see this, try: Up to now, I have always used the explicit formula for the binomial coefficients rather than the recursive formula. However, it turns out that the recursive formula is quite a bit easier in practice. To see this, try:]
Up to now, I have always used the explicit formula 
for the binomial coefficients rather than the recursive 
formula. However, it turns out that the recursive 
formula is quite a bit easier in practice. To see this, 
try:
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[image: Expand… Expand
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firstly using the formula

 equation.pdf 

and secondly using the recursive formula

 equation.pdf Rectangle]
Expand

 
firstly using the formula
 

 
and secondly using the recursive formula
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[image: It’s pretty obvious that the power series for   will not converge when   or for any value of   when   because the terms get bigger and bigger. We have also seen that the series does converge when  .… It’s pretty obvious that the power series for  equation.pdf  will not converge when  equation.pdf  or for any value of  equation.pdf  when  equation.pdf  because the terms get bigger and bigger. We have also seen that the series does converge when  equation.pdf . 
How about other non-positive-integer values of  equation.pdf ? Clearly, any such series will still not converge when  equation.pdf  for the same reason as above. What we don’t know for sure, however, is whether it will converge whenever  equation.pdf . ]
It’s pretty obvious that the power series for  will not converge 
when  or for any value of  when  because the terms get 
bigger and bigger. We have also seen that the series does converge when 
. 
How about other non-positive-integer values of ? Clearly, any such 
series will still not converge when  for the same reason as above. 
What we don’t know for sure, however, is whether it will converge 
whenever . 
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[image: The strategy for deciding for what values of   the infinite power series for   converges will be to see that eventually, the series will behave just like the series for  . The strategy for deciding for what values of  equation.pdf  the infinite power series for  equation.pdf  converges will be to see that eventually, the series will behave just like the series for  equation.pdf .]
The strategy for deciding for what values of  the infinite power 
series for  converges will be to see that eventually, the series 
will behave just like the series for .
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[image: What is the ratio of successive coefficients in the power series expansion of  , and what is the limit of this ratio as  ? What is the ratio of successive coefficients in the power series expansion of  equation.pdf , and what is the limit of this ratio as  equation.pdf ?]
What is the ratio of successive coefficients in the power series 
expansion of , and what is the limit of this ratio as 
?
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[image: When   is big enough,… When  equation.pdf  is big enough,  equation.pdf 
Choose a big fixed  equation.pdf  so that  equation.pdf  whenever  equation.pdf . Then

 equation.pdf 

which converges when  equation.pdf .]
When  is big enough, 
Choose a big fixed  so that  whenever . Then
 

 
which converges when .
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[image: Proofs of the convergence results when   are quite a bit harder, and probably there are better things to do at this stage than to master them. However, you may find it worth trying out a few examples numerically. The next few pages will get you started. Proofs of the convergence results when  equation.pdf  are quite a bit harder, and probably there are better things to do at this stage than to master them. However, you may find it worth trying out a few examples numerically. The next few pages will get you started. ]
Proofs of the convergence results when  are quite a bit harder, and 
probably there are better things to do at this stage than to master them. 
However, you may find it worth trying out a few examples numerically. The 
next few pages will get you started. 
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[image: Use a calculator or computer software to demonstrate that the binomial series for   converges to   when   and to   when  . Use a calculator or computer software to demonstrate that the binomial series for  equation.pdf  converges to  equation.pdf  when  equation.pdf  and to  equation.pdf  when  equation.pdf .]
Use a calculator or computer software to demonstrate that the 
binomial series for  converges to  when  and to  
when .
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[image: Use a calculator or computer software to demonstrate that the binomial series for   converges to   when  . Use a calculator or computer software to demonstrate that the binomial series for  equation.pdf  converges to  equation.pdf  when  equation.pdf .]
Use a calculator or computer software to demonstrate that the binomial series 
for  converges to  when .
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[image: Use a calculator or computer software to demonstrate that the binomial series for   does not converge to   when  . Use a calculator or computer software to demonstrate that the binomial series for  equation.pdf  does not converge to  equation.pdf  when  equation.pdf .]
Use a calculator or computer software to demonstrate that the binomial series 
for  does not converge to  when .
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[image: Experiment with other values of   to demonstrate that the binomial series for… Experiment with other values of  equation.pdf  to demonstrate that the binomial series for  equation.pdf  
converges with  equation.pdf  whenever  equation.pdf 
converges with  equation.pdf  whenever  equation.pdf 
does not converge with  equation.pdf  in all other cases.]
Experiment with other values of  to demonstrate that the binomial series 
for  
•converges with  whenever 
•converges with  whenever 
•does not converge with  in all other cases.
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example
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[image: We can find the binomial expansion for   in three different ways. We can find the binomial expansion for  equation.pdf  in three different ways.]
We can find the binomial expansion for  in 
three different ways.
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first way
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[image: Find the binomial series expansion for     by putting   .… Find the binomial series expansion for   equation.pdf   by putting  equation.pdf  . 
For what values of  equation.pdf  is this expansion valid?]
Find the binomial series expansion for    by putting 
 . 
For what values of  is this expansion valid?
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second way
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[image: Find the binomial series expansion for     by putting  .… Find the binomial series expansion for   equation.pdf   by putting  equation.pdf .

For what values of  equation.pdf  is this expansion valid?]
Find the binomial series expansion for    by putting 
.
 
For what values of  is this expansion valid?
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[image: third way third way]
third way
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[image: Find the binomial series expansion for     by putting   and finding the binomial series expansion for   . For what values of   is this expansion valid? Find the binomial series expansion for   equation.pdf   by putting  equation.pdf  and finding the binomial series expansion for  equation.pdf  . For what values of  equation.pdf  is this expansion valid?]
Find the binomial series expansion for    by putting 
 and finding the binomial series expansion for  . For 
what values of  is this expansion valid?
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[image: The convergence of this sequence is not easy to establish through this method. It’s tempting to say that  , but this is not correct because a partial sum of the sequence  always includes some high powers of   on top of the partial sum of The convergence of this sequence is not easy to establish through this method. It’s tempting to say that  equation.pdf , but this is not correct because a partial sum of the sequence  equation.pdf always includes some high powers of  equation.pdf  on top of the partial sum of  equation.pdf Rectangle]
The convergence of this sequence is not easy to establish through this 
method. It’s tempting to say that , but this is not 
correct because a partial sum of the sequence 
always includes some high 
powers of  on top of the partial sum of 
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harder example
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[image: We can find the binomial expansion for   in two different ways.… We can find the binomial expansion for  equation.pdf  in two different ways.

[We could attempt the third way, but it’s a bit tortuous and not really worth the effort.]]
We can find the binomial expansion for  in 
two different ways.
 
[We could attempt the third way, but it’s a bit tortuous 
and not really worth the effort.]
[image: equation.pdf]



page 256 of 267

www.mathsinsight.co.uk

[image: first way first way]
first way
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[image: Find the binomial series expansion for     by putting   .… Find the binomial series expansion for   equation.pdf   by putting  equation.pdf  . 
For what values of  equation.pdf  is this expansion valid?]
Find the binomial series expansion for    by putting 
 . 
For what values of  is this expansion valid?
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second way
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[image: Find the binomial series expansion for     by putting  .… Find the binomial series expansion for   equation.pdf   by putting  equation.pdf . 
For what values of  equation.pdf  is this expansion valid?]
Find the binomial series expansion for    by putting 
. 
For what values of  is this expansion valid?
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[image: binomials and differentiation: circularity binomials and differentiation: circularity]
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circularity
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[image: Formulas for differentiation of   are often, maybe even usually, derived by invoking the binomial theorem. This makes my chapter “binomials by differentiation” circular: it derives properties of binomials on the basis of differentiation, which itself depends on the properties of binomials.… Formulas for differentiation of  equation.pdf  are often, maybe even usually, derived by invoking the binomial theorem. This makes my chapter “binomials by differentiation” circular: it derives properties of binomials on the basis of differentiation, which itself depends on the properties of binomials.

However, there is no need to use the binomial theorem to prove properties of differentiation.

Here is one possible way round the problem. Remember that the product rule and the chain rule do not depend on the differentials of any specific function.]
Formulas for differentiation of  are often, maybe even usually, 
derived by invoking the binomial theorem. This makes my chapter 
“binomials by differentiation” circular: it derives properties of 
binomials on the basis of differentiation, which itself depends on the 
properties of binomials.
 
However, there is no need to use the binomial theorem to prove 
properties of differentiation.
 
Here is one possible way round the problem. Remember that the 
product rule and the chain rule do not depend on the differentials of 
any specific function.
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[image: When  , it is obvious that  .… When  equation.pdf , it is obvious that  equation.pdf .
Now suppose  equation.pdf .
Then 
 equation.pdf 
Therefore the usual formula for differentiation is true by induction when  equation.pdf  is a positive integer.]
When , it is obvious that .
Now suppose .
Then 

Therefore the usual formula for differentiation is true by induction 
when  is a positive integer.
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[image: Alternatively, when   is a positive integer, use the factorization of   in the definition… Alternatively, when  equation.pdf  is a positive integer, use the factorization of  equation.pdf  in the definition
 equation.pdf 
putting  equation.pdf  and  equation.pdf .]
Alternatively, when  is a positive integer, use the factorization of  
in the definition

putting  and .
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[image: For   when   is a positive integer, put   and use the product rule to find the differential.… For  equation.pdf  when  equation.pdf  is a positive integer, put  equation.pdf  and use the product rule to find the differential.

For  equation.pdf , put  equation.pdf  and use the chain rule to find the differential.]
For  when  is a positive integer, put  and use the 
product rule to find the differential.
 
For , put  and use the chain rule to find the differential.
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